Distances

4™ AUTUMN SERIES MODEL SOLUTIONS

Problem 1.

There is a piglet standing inside a square field of size 10 x 10. In each corner of the field, there is
a goat observing the piglet. The piglet’s distance to some two of the goats is 6 and 8, respectively.
Find its distance to the remaining two goats. (Marian Poljak)

SOLUTION:

Let us denote the goats, whose distances from the piglet are 6 and 8, by K and L respectively.
There are two possibilities, the goats either stand in adjacent or opposite corners. But since the
length of the diagonal is v/2 - 10, which is more than 14 = 6 4+ 8, we can rule out the latter option
by the triangle inequality.
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Furthermore, let P be the point where the piglet stands, M, N the remaining vertices of the
square and X, Y the feet of the P-altitudes in triangles K LP, M N P respectively. The triangle
KLP is a right triangle with side lengths 6, 8, 10 (as the numbers satisfy the converse of the
Pythagorean Theorem). The length of its P-altitude is PX = 4.8, because the area of KLP is
%(6 -8) = %(PX -10). The line PX divides KLP into two similar triangles KXP and PXL
(congruent angles), which means KX = 3.6 and LX = 10 — 3.6 = 6.4. Let us now look at the
triangle M N P, which is divided by PY = 10 —4.8 = 5.2 into two right triangles. We are interested
in their hypotenuses. Using the Pythagorean theorem we get

MP =+/5.22 4+ 6.42 = V68 = 217,
NP = +/5.22 + 3.62 = V40 = 2V/10.

The distances from the remaining two goats are 24/17 and 2+/10.
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POZNAMKY:

Vétsina si s tlohou hravé poradila, né€ktefi ale zapomnéli vyloucit moznost, ze kozy stoji v proti-
lehlych vrcholech ¢tverce. Nékolik fesiteli vyuzivalo Euklidovy véty o odvésnach, dejte ale pozor,
ze v anglické literature se pod nazvem FEuclid’s theorem mysli dikaz toho, Ze je prvocisel neko-
ne¢né mnoho. Také neni dobré bezhlavé zaokrouhlovat, vysledek ve tvaru jako vySe je naprosto
v poradku, ale 6.3 a 8.2 neni, nicméné body jsem za to tentokrat nestrhavala, pokud byl postup
v poradku. (Hedvika Ranosovd)

Problem 2.

There is an odd number (at least three) of politicians standing on a meadow so that no two pairs of
politicians are the same distance apart. Each politician has an egg. Suddenly, each of them throws
his egg and hits the face of the politician standing closest to him. Show that afterwards, there is
a politician that does not have egg on his face. (Josef Minafik)

SOLUTION:

The number of politicians and eggs is the same. Therefore, if there is a politician who was hit by
more than one egg, there must also be a politician without egg on his face. Consider the pair of
politicians with minimal distance between them. They will throw eggs at each other. If someone
else throws an egg at one of them, we are done. So we can assume no one else throws an egg at
them, and we can ignore this pair of politicians. The number of politicians is still odd since it
decreased by 2. We can repeat this until only three politicians remain. In this case, the closest two
will throw eggs at each other, so the last one remains without egg on his face.

POzZNAMKY:

Vétsina fesitelti postupovala podobné jako vzorové feseni. Jina FeSeni si vSimla, ze politici hazejici
vejce tvori permutaci, kterou lze rozlozit na cykly. Potom uz jenom stacilo ukazat, Zze nemohou
existovat cykly délky vétsi nez 2. Objevila se i feSeni, ktera misto nejblizsich dvou politikt uvazovala
nejdal hozené vejce. (Josef Minafik)

Problem 3.

In the plane, n points are coloured red in such a way that the distance between any two of them

is at least 1. Prove that there are at most 3n pairs of red points whose distance is exactly 1.
(Lenka Kopfova)

SOLUTION:

Pick a red point A and suppose that there are k other red points with distance exactly 1 from A. All
such points must lie on a unit circle centered at A, so they partition it into k arcs. Since the length
of a circular arc connecting two points is strictly greater than their distance, each of these arcs
must have length strictly bigger than 1, hence their total length (which is just the circumference
of the circle) must be at least k. But the circumference of a unit circle is simply 27, so we have
k < 27. Because k is an integer, this also means k£ < 6.

Therefore the total number of ordered pairs of red points (A, B) such that |AB| =1 is at most
6n, as for each of n choices for A we will have at most 6 choices for B. We are interested in the
number of different unordered pairs, which is going to be equal to half of the number of ordered
pairs by symmetry. Hence there are at most % - 6n = 3n pairs of red points with distance exactly
1, as we wanted to show.

POZNAMKY:

Vétsina FeSeni pristupovala k tloze podobnym zpusobem jako vzordk. Pomeérné casto se vSak ob-

jevovaly ruzné nepiesnosti ve zdivodnéni toho, pro¢ mize existovat nejvyse Sest cervenych bodu

s jednotkovou vzdélenosti od cerveného bodu. Nakonec jsem se ale rozhodl nestrhavat body, pokud

se v FeSeni objevil aspoi néjaky nastin dukazu. Nékolik Fesiteld se mé (neuspésné) snazilo presvédcit
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o tom, Ze nalezli optimalni konfiguraci. Jaromir Poticek si zaslouzil imaginarni bod za piekvapivé
vyuziti teorie grafi: predstavime-li si cervené body jako vrcholy a jednotkové iseCky mezi nimi jako
hrany, tak dostaneme rovinny graf s n vrcholy, na néjz mizeme pouzit Eulerovu formuli, abychom
dostali siln€jsi odhad, ze muze existovat nanejvys 3n — 6 hran. (Danil Kozevnikov)

Problem 4.
A quadrilateral ABCD is inscribed in a circle w with centre O in such a way that the diagonals
AC and BD are perpendicular. Prove that the distance from O to the line C'D is %|AB|.

(Radek Olsak)

SOLUTION:
Let P be the intersection of the diagonals.

Firstly, we will show that O lies inside ABCD. For the sake of contradition, let O lie “beneath”
AB. Then, by the inscribed angle theorem, we know that ZACB > 90°. Because P lies inside
ABCD, ZAPB > ZACB > 90°, but ZAPB = 90°, which is a contradiction, hence O must lie
inside the quadrilateral.

Let X and Y be the midpoints of AB and C'D respectively. Because AB is an arc of w, we have
OX 1 AB. The same holds for CD and OY. Moreover, OY is the distance of O from CD.

We will show that the triangles AXO and OYC are congruent. Denote ZAOX = a«, then
ZAOB = 2« and by the inscribed angle theorem ZACB = «. Because the triangle CBP is right-
angled, ZCBP = ZCBD = 90° — a.. Applying the inscribed angle theorem again, we get

ZCOD = 180° — 2a, ZYOC =90° —a and ZYCO =a=LAOX.

Hence AXO and OYC have two equal angles, so they are similar. Because OA = OC' is just
the radius of w, the triangles are congruent. Therefore ATB = AX = OY, which is what we wanted
to prove.

POZNAMKY:
Imagirani bod jsem dala jediné fesitelce, kterou napadlo se zamyslet nad situaci, kdy O je mimo
ABCD. V takovém ptipadé pak nékteré stfedové thly nejsou rovny dvojnasobku, ale 180° minus
dvojnésobek obvodového tihlu, a dikaz by nemusel fungovat.

A7z na tenhle zadrhel ale byla skoro vsechna feSeni spravna. (,madam Verca“ Hladikovd)



Problem 5.

Let ABCD be a cyclic quadrilateral. Let P denote the intersection of its diagonals and O its
circumcentre. Finally, let K, L, M, N be the circumcentres of ANAOP, ABOP, ACOP, ADOP.
Prove that KL = M N. (Radek Olsak)

SOLUTION:
Throughout the solution, all reflections will be across the line OP. We will show that K is the
reflection of M and similarly that L is the reflection of N.

v

First note that AO and CO are the radii, so AOC is an isosceles triangle, hence ZOAP = ZOCP.
Now let A’ be the reflection of A. Since ZOCP = ZOAP = ZOA’P, the quadrilateral CPOA’ is
cyclic with M being its circumcentre. On the other hand, letting C’ be the reflection of C, we get
ZOAP = LOCP = ZOC'P, so C'"POA is a cyclic quadrilateral with K being its circumcentre.
However, CPOA’ is the reflection of C'POA, so their circumcentres are also reflections of each
other.

Analogously, if we reflect B to B’ and D to D’, we get cyclic quadrilaterals B’OPD and BOPD’
that are reflections of each other, and so their circumcentres N and L are also reflections of each
other. Therefore, the segments KL and M N are reflections of each other and thus have equal
length.

PozNAMKY:

Objevilo se mnoho raznych postupu feSeni, z nichz témér vsechny byly spravné. Vétsina resitela si
doplnila pér stiedd tsecek na pfimce OP a argumentovala pomoci shodnosti/podobnosti trojtahel-
nikt. Ale objevily se napfiklad i sinova véta, spirdlni podobnost, mocnost bodu ke kruznici nebo
izogonalni kamaradi. Pokud jsem nékde snizoval body, tak to bylo to za nejasné vysvétleni nebo

chybéjici kroky. (Jéchym Solecky)
Problem 6.

Given a regular 100-gon with 10 blue, 10 red, and 80 colourless vertices, prove that there must be
a pair of blue vertices with the same distance as some pair of red vertices. (Lenka Kopfovd)
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SOLUTION:

What does it mean for some pair of blue and red vertices to have the same distance? One way to
look at it is that there exists a rotation of the 100-gon which maps two different blue vertices to
some red vertices (if the red ones stay fixed).

We know that for each pair of a blue vertex and a red vertex there is exactly one nontrivial
rotation which maps the blue one to the red one. Notice that we have exactly 10 - 10 = 100 such
blue-red pairs.

There are 100 rotations of the 100-gon and one of them is the identity, so 99 nontrivial rotations.
Hence we have 100 pairs and only 99 rotations which can take a blue element to the red element it
is paired with. Therefore, by the pigeonhole principle, we get that at least one rotation must map
at least two blue vertices to red vertices.

So there definitely exists a pair of blue vertices and a pair of red vertices with the same distance.

PozNAMKY:

Vyskytly se dva typy feSeni. Jedna skupina se vesmés ubirala stejnou ¢i podobnou cestou jako
vzordk. Tém byl udélen plny pocet bodu. Poté néjaka feseni obsahovala naznak dikazu, a proto
jim byly udéleny ¢asteéné body (vétsinou jeden). Celkové byla tloha trochu trikova, proto zfejmé
nepftislo iplné moc Feseni. (Filip Cermék)

Problem 7.

Let ABC' be a triangle and BD, CE its altitudes. Let G be a point on BD such that GE = DE.
Let ¢ denote the line through C parallel to GE. The line through G parallel to AC' intersects £ at
H. Prove that BH = BC. (Radek Olsak)

SOLUTION:

Let C’ and D’ be points such that E is the midpoint of both CC’ and DD’. It follows that C DC’ D’
is a parallelogram, so C'D’ || CD. Because ED = ED’ = EG, all three points D, D’ G lie on
a circle centered at E. This means that DD’ is the diameter of this circle and thus ZDGD’ = 90°,
so D'G L GD 1L AC, meaning D'G || AC. In this way, we have shown that C’, D/, G and H all lie
on a single line parallel to AC.

Now E is the midpoint of CC’ and EB 1 CC’, so EB is the perpendicular bisector of CC’ and
thus BC = BC'. From EG || CH, triangles C' EG and C'CH are similar, leading to
C'H _C'C _
C'G C'E

This means that G is the midpoint of C’'H. Like before, GB 1| C’'H, so GB is the perpendicular
bisector of C'H and thus BC' = BH. This proves that BC = BC' = BH.
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POZNAMKY:

Vétsina doslych feseni obdrzela plny pocet bodi. Nejcastéjsim postupem bylo dokreslit bod S jako
stted CH a vyuhlit BS | SC pres tétivovy pétithelnik BSCDE. Mnohym feSitelim doporucuji
dutisledné uvadét, jak jsou nové zavedené body definovany, a nespoléhat se jen na obrazek — zaprvé
by feSeni mélo byt uplné a srozumitelné i ze samotného textu, zadruhé z obrazku nelze poznat,

které vlastnosti bod definuji a které budou teprve dokazany. (Matéj Dolezalek)
Problem 8.
Let S be a set of n points in the plane such that no four points lie in one line. Let {d1,d2,...,dy}

be the set of distances between pairs of distinct points in S, and let m; be the multiplicity of d;,
i.e. the number of unordered pairs of points whose distance is d;. Prove that

m%—&-m%—i—-u—‘rm% <n®—n2
(Martin Raska)

SOLUTION:
We will prove the desired inequality by double counting 7', the number of isosceles triangles with
vertices in S. More specifically, we will derive an upper and a lower bound on T yielding the desired
inequality together. If there are any equilateral triangles in S, we will count them 3 times, sinces
they can be viewed as 3 different isosceles triangles by choosing different sides as the base.

At first, let us get an upper bound on 7'. Choose two distinct points A, B € S and assume that
AB is a base of some isosceles triangle. The apex of this triangle must lie on the perpendicular
bisector of AB, therefore there are at most 3 different isosceles triangles with base AB, since no
four points lie in one line. Altogether, T' < 3(3), because we can choose (Z) different pairs of
points as the base. Notice that equilateral triangles are counted 3 times in accordance with the first
paragraph.

For the lower bound, we shall count the number of isosceles triangles whose legs have length d;
for a given i. For a fixed A € S, denote D(A, ) the number of points in S such that their distance
D(A,i)

2

to A is equal to d;. Then there are exactly ( > isosceles triangles with apex A and legs of

length d;, so the total number of isosceles triangles with legs of length d; is ers (D(;(’i)). It is
clear that >_y g D(X,i) = 2m;, as we count each pair of points with distance d; exactly twice.
Hence by Cauchy-Schwarz inequality in the form n (3 22) > (3 z;)2, we get

D(X,i D(X,i)? —D(X,i) X D(X,i)? 2m; 2m;)?2 2m?
> ( ( )> -y (X, 1) (X;4) _ 2xes _2mi  (2my) g = 2T

2 2 2 2 T 2n

Xes Xes

2
2m7

To summarize, there are at least — m; isosceles triangles with legs of length d;. Since we want
to count all the isosceles triangles, we have to sum this over all possible lengths. So
k . k k
D(X,14) 2m? n 2m?
T = ’ > L = — 3 7
S5 (M) e = (5) 2%

i=1XeS i=1 =1

where the last equality comes from the fact that Zle m; = (g), as there are (g) pairs of points.

Using both the upper and the lower bound on 7', we get

n k 2m? n
— L <T<3 ,
(2> + 2:21 n - <2>

k n n n(n —1)
Zm?§f~4 =oan———— =pn3—p2
‘ 2 2 2

which yields



POZNAMKY:

Vsechna spravna feseni postupovala vzorovou myslenkou pres pocitani dvojim zptisobem, coz je
v kombinatorice obecné celkem Casty a uzite¢ny zptisob, jak dokazovat (ne)rovnosti. Doslych FeSeni
bylo bohuzel pomérné mélo. (Martin Raska)



