Inequalities

4™ AUTUMN SERIES DATE DUE: 8™ JANUARY 2024

Pozor, u této série prijimame pouze FeSeni napsana anglicky!

PROBLEM 1. (3 POINTS)
Martin the pig lives with other pigs and chickens on Animal Farm, where all of the animals are
supposed to be equal. Some of the animals are members of government and some are not. Martin
started to suspect that government members have some advantages. He asked all the pigs and found
out that each pig in government gets twice as much food as each pig that is not in government. He
asked the chickens and got the same result: any chicken in government gets twice as much food as
any chicken outside of government.

He went to Matéj the chief pig and complained. However, Matéj told him: “All of the animals
are equal — on average, an animal in government gets the same amount of food as an animal outside
of government.” Martin was astonished and couldn’t believe what he heard.

Show that, despite Martin’s disbelief, Matéj could be right.

PROBLEM 2. (3 POINTS)

Let a, b, ¢ > 0 be real numbers satisfying a? 4+ b = ¢2. Show that

2a+b§\/g.

C

PROBLEM 3. (3 POINTS)
One day, Michal brought his favourite square to school and Kuba drew a triangle inside it. Show
that Kuba’s triangle had at most half the area of Michal’s square.

PROBLEM 4. (5 POINTS)
Let m, n be positive integers such that m + n is even. Prove that

o (242

PROBLEM 5. (5 POINTS)
Let x,y,z > 0 be real numbers such that zy2z3 = 108. Find the smallest possible value of x4y + 2.

PROBLEM 6. (5 POINTS)
For a positive integer k, let E(k) be the number of even divisors of & and O(k) the number of odd
divisors of k. For any positive integer n, prove the inequality

<n.

> _(O(k) — BE(k))
k=1




PROBLEM 7. (5 POINTS)
Three sequences {zn}5% 1, {yn}ili, {zn}52, of real numbers satisfy the following equalities for
every positive integer n:

T =2, y1 =4, z1 =5,

1 1 1
Tntl = Yn + —, Ynt+l = 2Zn + —, Zn41l = Tn + —.
Zn In Yn

Prove that max(xn, Yn, 2n) > v/2n + 13 for all positive integers n.

PROBLEM 8. (5 POINTS)
Let 1, 2, p3 denote the interior angles of a given triangle. Show that

> ! <2

gt 1+ cos? p; + cos? p;11




Inequalities

4. PODZIMNI SERIES MODEL SOLUTIONS

Problem 1.

Martin the pig lives with other pigs and chickens on Animal Farm, where all of the animals are
supposed to be equal. Some of the animals are members of government and some are not. Martin
started to suspect that government members have some advantages. He asked all the pigs and found
out that each pig in government gets twice as much food as each pig that is not in government. He
asked the chickens and got the same result: any chicken in government gets twice as much food as
any chicken outside of government.

He went to Matéj the chief pig and complained. However, Matéj told him: ,, All of the animals
are equal — on average, an animal in government gets the same amount of food as an animal outside
of government.“ Martin was astonished and couldn’t believe what he heard.

Show that, despite Martin’s disbelief, Matéj could be right.

SOLUTION:
The trick is that chickens might eat much less than pigs, but be overrepresented in government. An
example of such a situation would be one where chickens get 1 unit of food if they are outside of
government and 2 units if they are in government, pigs outside of government get 12 units of food
but pigs in government get 24 units and there is 1 pig alongside 10 chickens in government while
3 pigs and 8 chickens are outside of government. The average both in and outside of government
would then be

1-24410-2 4 3-1248-1

104+1 3+8

b
so everything Martin heard could be true.

POZNAMKY:

Vétsina FeSeni byla spravné, Spatna reSeni Casto pramenila z nedobrého piecteni zadani. Nakonec

jsem se rozhodl uznavat zna¢né pochmurna reseni, ze zvifatka nedostavaji zadné jidlo. Rad bych

v8ak podotknul, Ze vzdy je v pfipadé€ nalezeni trivialniho FeSeni lepsi se zeptat, zda bylo zdmérem.
(Vojta ,,Dlaza“ Gadurek)

Problem 2.
Let a, b, ¢ > 0 be real numbers satisfying a? + b2 = ¢2. Show that
2 b
9> < V.
c



SOLUTION:

We will prove the given inequality through the use of equivalent manipulations. We can first multiply
the inequality by the nonnegative number c:

2 b
LRV
C

2a+b < V5c.

Now because a, b, ¢ > 0, 2a 4+ b is also nonnegative. Since both sides are nonnegative, we can
square the inequality:

(2a 4 b)? < 52,
4a? + 4ab + b < 52,
4a? + 4ab + b? < 542 + 5b2,
0 < a? — 4ab + 4b2,
0 < (a —2b)%.

The resulting inequality is always true because the square is always nonnegative.

POZNAMKY:

Vétsina FeSeni postupovala obdobné jako to vzorové. Néktefi fesitelé misto ipravy na ctverec pouzili
AG nerovnost nebo Cauchy—Schwarze. Pfi tpravach nerovnosti nezapominejte ukizat, ze dand
Gprava (mocnéni, pfendsobeni nezndmou) je v konkrétnim piipadé opravdu ekvivalentni tpravou!

(Klarka Grinerova)

Problem 3.

One day, Michal brought his favourite square to school and Kuba drew a triangle inside it. Show
that Kuba’s triangle had at most half the area of Michal’s square.

SOLUTION:

Let us denote Kuba’s triangle as ABC'. Suppose that the edge BC within the square is fixed. Let
us examine which point A’ in the square maximizes the area of triangle A’ BC. The area of AA’ BC'
\BCQ| V!

To maximize the area of AA’BC we thus have to find a point A’ in the square such that v,/
is maximized. If the line BC is not parallel to one of the sides of the square, then this point is
always in one of the square’s vertices. If BC is parallel to one side of the square, the point A’ can
be chosen arbitrarily on the side further from BC'. In that case, we can also choose for the point
A’ to be in the square’s vertex.

can be calculated as , where v,/ is the height of the triangle with respect to BC.

Therefore, starting with any triangle ABC, we can modify it by moving the point A to A’,
which we can pick to be in one of the corners of the square in a way that doesn’t decrease the
area of AABC. When we fix the side AC, we may repeat the same argument and move B to one
of the square’s corners without decreasing the area, and finally, we do the same with the point
C. This way, we end up with a triangle with an area that is at least as large as the original one.
Simultaneously however, it has exactly half the area of Michal’s square, so the proof is done.



PozNAMKY:

Spravna feSeni vesmés postupovala podobnym zptsobem jako vzorové feseni. Casto ale pouzivala
krok navic, kde se nejprve odargumentovalo, ze vrcholy trojuhelniku musi pro maximalni obsah
lezet na stranach Ctverce, a az poté se dokéazalo, zZe je muzeme presunout do vrcholti. Nékteri resitelé
rozebirali rizné konfigurace, v jakych se trojuhelnik muze nachazet. OvSem na néjaké z nich obcas
zapomnéli. (Lenka Kopfovd)

Problem 4.

Let m, n be positive integers such that m + n is even. Prove that

2
mtont > (T2
- 2
SOLUTION:

First, we can see that the inequality holds when m = n, since

o= ()’

Now we can assume WLOG that m > n. Let k = m;’”, which we know is an integer. Then we

can write m = k+ ¢ and n = k — £ for some £ € N. With this, we restate the inequality we want to
prove as

(k4 0)!- (k—0)! > (k)2

which is equivalent to

k!
(k—t+D)(k—€+2)---k > ()%,

(k+1)(k+2)--(k+0) > (k)2
(k—l+1)(k—£+2)---k — 7

K- (k+1)(k+2)---(k+0)-

(kN2 -

Dividing both sides by (k!)Q, we get an equivalent inequality
(k+1)(k+2)---(k+2)
(k—¢+1)(k—€+2)---k —

Since the numerator and denominator on the left-hand side both contain £ terms, we may rewrite
the fraction as

k+1 ) k+2 .”k—l-f > 1

k—0+4+1 k—(0+42 k

Now, if we look at the individual ratios, we see that each is greater than 1, since k > k—¢. Therefore
their product is also greater than 1, which is what we wanted to prove.
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POZNAMKY:
Vétsina feSeni se vydala cestou vzorového a skoro vzdycky dosla k cili. Dorazilo i par feseni, co
postupovala indukci. (Kéata Danilina)

Problem 5.
Let x,y,z > 0 be real numbers such that xy?z3 = 108. Find the smallest possible value of x4y + 2.

SOLUTION:

The numbers z, y, and z are all real and positive. Therefore, we can use the AM-GM inequality.
The product’s value xy2z3 = 108 is the only number we have, so we want to use it in our estimate.
Therefore, we want to apply AM-GM on a collection of numbers with one z, two y’s, and three
2’s for the expression zy22z3 to appear in the geometric mean. The easiest way to do this and still
estimate the sum of the original three variables is to express y = ¥ + ¥, and z = £ + £ + . This
yields

Y Y z z z y vy 1

+yt+z=24+Z 4+ 4+ 4+ 4+=>6-8x-2.2.2.2.2 =64 —zy223 =6.
rTyTE=Y 2 2 3 3 3 v 2 2 e

Thus, the value of x 4+ y + z is at least 6. All that’s left to prove is that = + y + z = 6. Equality

occurs in the AM-GM inequality if and only if all the arithmetic/geometric mean inputs are equal.
In our case, this happens when

r+y+z2=6 and T =

which has the solution
r=1 y=2, z=3.

This triplet also satisfies
zy?z% =1-22.3% =108,

so all conditions are met, and the smallest possible value is 6.

POZNAMKY:

Vétsina feSiteld se vice ¢i méné ubirala podobnou cestou jako vzorové feseni. Nékteri AGcko pouzili
na zbytecné slozité vyrazy, ale i tak se Gspésné dobrali k cili. Par jedinci se zamotalo, nékdo jenom
méchal rukama a takovym jsem davala jeden bod za spravné, ale nepodloZené feseni. Z ¢eho jsem
vSak smutnd, je, ze kolem desitky resiteld se ubiralo cestou ne Uplné péknych, analytickych Feseni,
¢imz si vyslouzili —¢. Nemalo z nich pak ztroskotalo na n€jakém poradnéjsim argumentovani, a proto
prosim, nepoustéjte se do analytickych Feseni, kdyz to neumite! Nase ptiklady maji vzdy i néjaké
jiné, typicky hezdi, feSeni. :) (Adéla Karolina ,, Ada“ Zackova)

Problem 6.

For a positive integer k, let E(k) be the number of even divisors of k and O(k) the number of odd
divisors of k. For any positive integer n, prove the inequality

n

> _(O(k) — E(k))

k=1

<n.




SOLUTION:

The first step is to examine the sum ) ;_; O(k). It counts the number of odd divisors of each
natural number k£ from 1 to n. Note that this is the same as if, for each odd number d from 1 to n,
we counted how many numbers from 1 to n are divisible by d. For a given d, this amount is equal
to L%J, which means we can rewrite the sum as

Som=|3]+[5]+[5]+

with the right-hand side ending with either L#J or L%J, depending on the parity of n.

Applying the same reasoning for the sum > ;_; E(k) and getting rid of the absolute value, we
can rewrite the initial inequality as

s 3] L5+ 31+ ®

The key to proving the inequalities above is to realize that

32 ()

With this tool in hand, let us prove both inequalities in (1).

(E- 15D+~ (F]- 15D =0

2115 2] 212

since all the positive and negative terms have paired up. One can also see that

- 1 212 B I D+ (- [52]+ [52])- Bl =

For odd n, it works in much the same way. The only difference is that in the first inequality, the
last term + \_%J is left unpaired, meaning the whole expression is > 1. And in the second inequality
all the negative terms have a positive term to pair up with, so the whole expression is < n. We
have, therefore, finished the proof.

POzNAMKY:
Skoro vSechna dosla feseni postupovala v duchu Feseni vzorového (sumu si vyjadfila druhym zp@-
sobem a pomoci kli¢ového poznatku dokdzala kyZené nerovnosti) a vyslouzila si plny pocet bodi.
Velka pochvala putuje Tomdadsi Pazourkovi, ktery dokazal napsat kompletni feseni jen v nékolika
malo fadcich tim, Ze poznal konvergentni fadu, a vyslouzil si tak bonusové +i.

(Josef ,, José* Soural)

Problem 7.

Three sequences {xn}52 1, {yn}sL1, {zn}52, of real numbers satisfy the following equalities for
every positive integer n:

T =2, y1 =4, 21 =5,

1 1 1
Tntl = Yn + —, yn+1:2n+77 Zn+l = Tn + —.
Zn Tn Yn

Prove that max(zn,yn, zn) > v/2n + 13 for all positive integers n.
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SOLUTION:
We will show the desired conclusion by induction with respect to n. The base case n = 1 is clear
since z1 = 5 > V/15.

Now, let us assume that for some n we have max(xn,yYn,2n) > V2n + 13. We will derive a
lower bound on max(®n+1,Yn+1,2n+1). This expression is, by definition, at least as large as any
of the numbers z,,41, yn+1, and z,41. Using the recurrence relations defining these sequences,
we will pick the sequence where the non-reciprocated term (i.e. yn in yn + i etc.) is equal to

max(Zn, Yn, zn). For some a € {xn,Yn, 2n}, we then have
1 1
max(Tnt1,Yn+1,2n+1) = MaX(Tn, Yn, 2n) + — > max(Tn, Yn, 2n) + ————————,
a max(xn, Yn, Zn)

since a < max(Zn,Yn, 2n) and all the terms of the sequence are positive. Therefore

1 2 5
> max(xn:ymzn) +27
max(xn, Yn, Zn)

max(Tnt1, Ynt1, Znt1)” > <maX(xn, Yn, 2n) +
by expanding. Using the induction hypothesis, we get
max(Tn+1, Ynt1, zn+1)2 > max(zn, Yn, zn)2 +2>2n+134+2=2(n+1)+13.

Finally, since all the terms are positive, we have max(@n+41,Yn+1,2n+1) > /2(n + 1) + 13, as we
wanted.

ALTERNATIVE SOLUTION:
The following solution is based on studying the sums of squares of the n-th terms of the respective
sequences. We will then show that the following inequality holds:

22 + 92 4+ 22 > 6n +39.

To this end, proceed by induction on n. The base case n = 1 is clear since z? + y? + 22 = 45 > 45.
Now assume that for some n € N we have 22 + y2 + 22 > 6n + 39. For the induction step, we

simply square the recurrence relations defining our sequence and use the induction hypothesis:

1\2 1\?2 12
2 2 2
Tpi1 T Yng1 T 2041 = <yn + ;) + (Zn + 7) + (xn + 7) =

n n Yn
z T 1 1 1
=xi+yi+z5+2(y—"+—"+—"> S+5+52
Zn Tn Yn T Yn Zn
Yn Zn Tn 1 1 1
>én+30+2( Ly )y S S D>
Zn Tn n Ty Yn Zn
Yn Zn In
>6n+39+2<—7+47+4—>26n+39+6:6n+4&
Zn Tn Yn

where the last line follows AM-GM on the three fractions g—@, ;—", and 5—" Therefore, for n > 1,

we have the sharp inequality
Thi1 +Yni1+zng1 > 60+ 45 =6(n+ 1) + 39,
as claimed. Therefore, for n > 1, we can finally conclude with

ﬁ+ﬁ+ﬁ>m+w
3 3

so max(Zn, Yn, 2n) > V/2n + 13, since the sequences contain only positive terms. Thus we are done.

max(mm Yn, Zn)2 >

=2n+ 13,

POZNAMKY:
Vétsina feSeni postupovala vesmés podle jednoho z uvedenych feSeni a mimo malé chybky byla
skoro vSechna spravné. (Zdenék Pezlar)



Problem 8.

Let ¢1, 2, p3 denote the interior angles of a given triangle. Show that

1

> <2

et 1+ cos? p; + cos? pit1

SOLUTION:
Because ¢1, p2, p3 are the interior angles of a triangle, we have (cyclically for 7 € {1,2,3})

Pi+Yit1 =T — Pit2.
For any real z, it holds that sin(m — z) = sinz , so
sin ;42 = sin(p; + @i+1) = sinp; cos p;+1 + €os p; sin Y;+1

using the sine addition formula. We can square both sides of the equation and apply the Cauchy-
Schwarz inequality to the right-hand side:

sin? ;12 = (sin p; cos ;11 + cos p; sin ;1) < (sin? ; + sin? p;11)(cos® pi11 + cos? ;).

The angles of the triangle are all strictly smaller than m and greater than 0 — otherwise, the
triangle would be degenerate. It follows that sin ¢1,sin 2 and sin @3 are all positive. In particular,
the value sin? ¢; + sin? ;11 > 0. Therefore, we can divide both sides of the previous inequality
without changing the inequality sign:

sin” @i 2
sin? wi + sin? ©it1
sin® pito
Sil’l2 (%273 + SiIl2 Pit+1
sin? wi + sin? Yi+1 + sin? ©it2
sin? wi + sin? Pit+1

< cos? pi + cos? Pit1,
1+ <1 + cos? ©i + cos? ©Yit1,

<14 cos? ©wi + cos? ©Vit1-

Both sides of the resulting inequality are larger than zero, so we can divide the inequality by
both of them to obtain

1 < sin? wi + sin? Yit1
14 cos2 @; +cos2 ;11 ~ sin? @; +sin? ;1 +sin? @0

Finally, using the cyclic sum, we get
Z 1 < Z sin? wi + sin? Pit1
e 1+ cos? p; +cos? piy1 — gt sin? @; + sin? ;11 +sin? p;49’
Z 1 <2 sin? @; + 2sin? ;11 + 2sin? ;42
1+ cos2p; +cos?p;r1 —  sin?g; +sin? @41 +sin? ;19

=2,

cyc

POzZNAMKY:

Uloha byla t&z5i trikova, a feseni proto nepfislo mnoho. Spravna feseni postupovala velmi podobnym
postupem, kdy se ¢tverce kosini vyjadfily z kosinové véty pomoci stran trojihelniku a na né se
aplikovala CS nerovnost. Reseni Patrika Stencela se dokonce tplné bez CS nerovnosti obeslo a
postupovalo jen pomoci goniometrickych vztahti a ndhledu, ze cyklickd suma nabyva maxima prave

pro trojice thld, z nichz dva jsou shodné. (Matéj Gajdos)



