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4™ AUTUMN SERIES DATE DUE: 3RP JANUARY 2017

Pozor, u této série prijimame pouze FeSeni napsana anglicky!

PROBLEM 1. (3 POINTS)
David found the quadratic function f: R — (0,00), f(x) = 22 and a function g : (0, 00) — R. For
each of the compositions f o g or g o f decide whether it may be injective.

PROBLEM 2. (3 POINTS)
Is there a function f : N — N such that f(f(n)) < f(n) for all positive integers n?

PROBLEM 3. (3 POINTS)
Find a function f : Z — Z such that f(") has exactly n roots for all positive integers n.

PROBLEM 4. (5 POINTS)
Find all functions f : R\ {0} — R satisfying f(x) + 2f(%) =gz for all x € R\ {0}.

PROBLEM 5. (5 POINTS)
Let f : Rt — RT be a function that satisfies f(x)f(yf(x)) = f(x +y) for all z,y € RT. Show that
f is nonincreasing.

PROBLEM 6. (5 POINTS)
Lucien had a dream about a nonzero polynomial P with nonnegative integer coefficients. If Ada
says an integer z, Lucien tells her the value P(z). What is the lowest number of questions Ada has
to ask to be able to figure out what Lucien’s polynomial is?

PROBLEM 7. (5 POINTS)
A function f : {1,2,...,n} = {1,2,...,n} is said to be cruelstrict if f(f(¥)) (k) = k for all positive
integers k. Prove that any cruelstrict function has at least P(n) + 1 fixed points, where P(n) is the
number of primes in (y/7,n).

PROBLEM 8. (5 POINTS)

Let f: N\ {1} — R be a function given by f(n) = \/2\/3\/. ..(n —1)y/n for all positive integers

n > 1. Prove that f is bounded by 3.




Functions

4™ AUTUMN SERIES MODEL SOLUTIONS

Problem 1.

David found the quadratic function f : R — (0,00), f(x) = 2 and a function g : (0,00) — R. For
each of the compositions f o g or g o f decide whether it may be injective.

(David Hruska)

SOLUTION:

First have a look at the function f o g. We will show that this composition may be injective for
some g. Such function g must satisfy the condition |(g(z1))| # |(g(z2))]| for each z1, z2 two distinct
elements of (0, c0) (otherwise f(g(x1)) = (9(=1))? = (g9(z2))? = f(g(z2)), hence f o g would not be
injective).

We can see that this condition is met e. g. for g(z) = x or g(x) = /, since then (fog)(x) = 22,
resp. (f o g)(x) = (v/x)? = z, both of them are injective functions on (0, co).

In contrast, the composition g o f cannot be injective since —1 # 1 and

9(f(—1)) = g((-1)*) = g(1*) = g(f(1)).

POZNAMKY:

Reseni se sesla vskutku rozmanita, takze bylo bohuzel potfeba vyuzit celou bodovaci kalu. V prvni
G4sti stacilo najit priklad jedné funkce g, pro kterou je slozeni prosté, v druhé dosadit opacna ¢isla
a ukézat rovnost funkénich hodnot. Casto FeSeni obsahovala spravné zavéry, ale bez dostateéného
zdtivodnéni; naptiklad pouze stanovit podminky na g (coz ani nebylo nutné) nestaci, protoze neni
obecné jisté, ze takova funkce existuje. To se praveé nejsnaze ukaze tim, ze se néjaka takova konkrétni
funkce najde.

Obcas se také v prvni casti objevovalo tvrzeni, ze g musi mit pouze nezaporné nebo pouze
nekladné hodnoty, pfipadné ze staci, aby byla prosta. Ani jedno neplati, jak je vidét z protiptiklada
g(z) = —x pro z € (0,1) a g(x) = x pro z € (1,00), respektive g(z) = x — 1. Plati, ze f o g bude
prosté pravé tehdy, kdyz funkce |g(x)| je prosté.

Rada bych jesté podotkla, Ze k sérii byl vydan tGvodni text. I kdyz tfeba funkcim rozumite,
je dobré si ho precist, bylo tam vysvétlené znaceni a dalsi pojmy. Takhle se nékolikrat stalo,
ze ,g : (0,00) — R“ bylo interpretovano tak, ze funkce g je na R (tedy Ze codomain a range
splyvaji), coz ale neni obecné pravda. Podobné vyrazy domain a codomain oznacuji mnoziny,
nikoliv konkrétni argumenty ¢i funkéni hodnoty v bodé.

(Anic¢ka Dolezalovd)



Problem 2.
Is there a function f:N — N such that f(f(n)) < f(n) for all positive integers n?
(Martin ,E.T.“ Sykora)

SOLUTION:

We will prove by contradiction that such function cannot exist. If it exists, its range Rng(f)
is a subset of N. Thus Rng(f) has the least element; let us denote it by m. Since m belongs to
Rng(f), there exists some n such that f(n) = m. However, the condition f(f(n)) < f(n) must also
hold for this n and since f(n) = m, we have f(m) < m. On the other hand f(m) also belongs to
Rng(f), which contradicts the fact that m is the least element of Rng(f).

ALTERNATIVE SOLUTION:

This time we will use the principle of infinite descent. As in previous solution, let us suppose
that such function f exists. Take any positive integer c. We do not know whether f(c) < ¢ but we
do know that f(f(c)) < f(c). By plugging n = f(c) into the given condition we obtain f(f(f(c) <
f(f(¢)). More generally, for all k in N, f*+1(c) < f*)(c). Tt means that f(c), £ (c), f®)(c),...
is an infinite decreasing sequence, but such sequence doesn’t exist in N, which is a contradiction.

PozNAMKY:
Druha tdloha anglické série k mému prekvapeni zaskocila i mnoho ostfilenych resiteltl, cemuz také
odpovida priumérné hodnoceni 1,78 bodu.

Prestoze vétSina Fesiteltt nakonec spravné dosla k negativnimu zavéru, mnoho fesitelii automa-
ticky predpokladalo, ze pokud f(f(n)) < f(n), tak uréité také f(n) < n pro kazdé n. To ale viibec
nemusi byt pravda. Pokud bychom hledali naptiklad funkci g : Z — Z takovou, ze g(g(n)) < g(n)
pro kazdé n ze Z, ale pro nékterd n ze Z neplati g(n) < n, ur¢ité ji najdeme. P¥ikladem muze byt
treba funkce

Nejblizsi vyssi nasobek 100, pokud n neni délitelné 100,
g1(n) = .
n — 100 jinak.

Tvrzeni, ze f(n) < n pro kazdé n, bylo ¢asto pouzito nepfimo pomoci substituce ¢ za f(n), kterd
rozhodné neni obecné spravné. Tim spiSe, chceme-li potom bez diikazu tvrdit, ze ¢ mize nabyvat
néjaké konkrétni hodnoty. ReSeni, ktera tak ¢i onak toto tvrzeni pouzila, jsem az na par vyjimek
ocenil jednim bodem.

Neéktefi resitelé se téz snazili tvrdit, ze takova funkce existuje. Nejcastéji pfi tom nabizeli funkce
jako f(z) = x — 1 nebo f(z) = 5. Bohuzel pro né ani jedna z téchto funkci nema jako svij obor
hodnot pfirozena ¢isla (napfiklad funkéni hodnota jednicky je v prvnim pfipadé nula, v druhém
jedna polovina).

V nékolika FeSenich jsem se setkal i s tvrzenim, ze vSechny funkce 1ze popsat néjakym vyrazem,
jako naptiklad z, 5 — 1 nebo /z. Takova FeSeni rozebrala par druht funkci, které jejich autory
napadly, a potom prohlésila, ze zaddné jiné funkce uz neexistuji. To také neni pravda. Tuto vytku zde
ale nebudu déle rozepisovat, protoze k ni je poznamka jiz v povidani k této sérii nebo v o poznani
obsahlejsim, avSak Cesky psaném povidani k tfeti podzimni sérii 33. ro¢niku.

Na zavér bych chtél poukizat na skutecnost, Ze a¢ to tak na prvni pohled nemusi vypadat, obé
vzorova feSeni jsou vlastné zalozena na té samé myslence. Pouze nabizeji rtizné zptsoby, jak o ni
premyslet. Stejnou myslenku vyuzivala i vSechna spravna feseni. (Viki Némecek)



Problem 3.
Find a function f : Z — Z such that f(") has exactly n roots for all positive integers n.
(David Hruska)

SOLUTION:

Let us partition all positive integers into disjoint sets M,,, m € N such that each My, contains m
elements. One possible way to do this is to put My = {1}, M2 = {2,3}, M3 = {4,5,6} and so on.
That is we begin with M; = {1} and in general®

My ={1}, My ={maxM;_1+ 1,max Mp,_1 +2,max My,—1 + 3,...,max My,_1 +m}.

Now we define a function f:Z — Z such that the roots of f(") are exactly the elements of M, for
every n € N. The function is defined as follows:

-1, for k <0,
f(k)y=14 0, for k € My,
max M,,—1, for k € My,,m > 2.

Then for every n € N we have

-1, for k<0or k€ My, m <n,
™M Ey =< o, for k € My,
max My,—n, fork € Mpy,,m >n,

since if k € My, then f(k) € My,—1. Therefore the roots of f(”) are exactly the elements of M,
so there are n of them.

POZNAMKY:
Spravna reseni se prakticky dala rozdélit do dvou skupin. Prvni nasledovala myslenku vzorového
feSeni. Druhd vsadila na funkci f(k) = |k — 1| ¢i néjakou jeji obménu (Casto zapsanou jinak). Naslo
se 1 nékolik Tesitell, ktefi se pokouseli najit funkci f ve tvaru polynomu. Ti bohuzel uspét nemohli,
jelikoz polynom splnujici podminku v zadani neexistuje. To je, volné feCeno, proto, Ze polynom
f stupné alespori dva (polynom stupné jedna urcité zadéni nesplituje) ndm ¢isla, kterd jsou dost
kofenem zadného f(™), a proto pro velké n nemtize mit f(") dost koFenii.

Nakonec bylo par fesitela, ktefi nepochopili vyznam symbolu f("). Proto bych rad pripomnél,
Ze pokud méame k sérii tivodni text, vyplati se ho peclivé predist. (Tonda Cesik)

Problem 4.
Find all functions f:R\ {0} — R satisfying f(x) + 2f(%) =z for all z € R\ {0}.
(Jakub Lowit)

SOLUTION:
Let us choose an arbitrary a € R\ {0}. Then we can plug a and % into x in our functional equation:

f(a) +2f (2) =a,
£(5)+2r@—1.

IThe number max A is the largest element of the set A. So for example max M3 = 6.
3



We can easily solve this system of two equations by multiplying the second one by —2 and
adding them together. Then we get

2—a?
a) = .
fla) ==
2
Now we know that every function satisfying the functional equation must assign 25: to any =

from its domain. However, we must verify that this function really is a solution:

1\ 2-22 2- (1) 242 422
2f (- ) = 2. 2)
f@)+2f (:c) 3z + 3 (l) 3z + 3z

T

= .

Therefore f(z) = zg; is a solution to the functional equation and it is the only one.

POZNAMKY:

Takika vSechna FeSeni se dobrala ke spravnému predpisu funkce f. Néktefi vsak zapomnéli provést
zkousku nebo aspon konstatovat, ze vSechny provedené upravy rovnic byly ekvivalentni a plati
pro kazdé a z definiéniho oboru. Pak totiz i bez zkousky vime, Ze pro kazdé a musi platit také
vysledny predpis a Ze tento predpis ekvivalentné vyhovuje i ptivodni funkcionélni rovnici. Takovym
zapomnétliveim jsem strhla jeden bod.

Neprijemné mé prekvapilo mnozstvi Fesitela, ktefi Spatné upravili rovnici nebo do zévéru napsali
jiny predpis pro f, nez jaky nasli o nékolik fadku vyse. Pokud se spravny vysledek jinde v textu
vyskytoval a bylo jasné, Zze jde o preklep, body jsem nestrhavala. Ale chtéla bych zduraznit, ze
takova nedbalost opravdu nepusobi dobfe.

Nakonec upozornim, Ze a¢ jsem se nékolikrat dodetla, Ze inverzni funkei k f(z) je f (%), neni
tomu tak. Inverzni funkce k f je takova funkce f~1, pro kterou plati f~1(f(z)) = x. Napiiklad
pro f(z) = 22 je to tedy funkce, kterd z ptifadi v/z, nikoli :%2

(Béra Kocidnova,)

Problem 5.
Let f:RT — RT be a function that satisfies f(z)f(yf(x)) = f(z +y) for all z,y € R*. Show that
f is nonincreasing.

(Pepa Svoboda)

SOLUTION:
First, let us prove that f(z) <1 for all .
Assume f(c) > 1 for some c. If we plug (z,y) = (¢, y) into our equation, we get

[ f(wf(e) = fle+y).

Now we can choose y in such a way that ¢+ y = yf(c) holds. This is possible by solving the linear
equation for y. By doing so, we obtain y = ﬁ Both the numerator and the denominator are
positive numbers from our assumptions, therefore we can plug this y into our functional equation.
However, we have chosen y in such a way that we can divide both sides of the equation by (positive)

number f(yf(c)) = f(c+y):

_fQf i) _ flety)

fyf(e) fle+y)
This contradicts our assumption f(c) > 1. Therefore, f(z) < 1 for all positive z.

Now we prove that f is nonincreasing. In order to do that let us take positive numbers a and b
such that a < b. Now if we plug * = a and y = b — a > 0 into the original equation, we get

(@) f((b—a)f(a)) = f(b).

We know that f(z) < 1 for all positive . Hence f((b — a)f(a)) < 1 must hold as well and we
conclude that f(a) > f(b), as desired.

f(e)



POZNAMKY:

Vétsina doslych feseni vyuzivala tento nebo lehce obménény postup. Upozornil bych pfedev§im na
to, Ze negaci vyroku ,funkce f je nerostouci“ neni vyrok ,funkce f je rostouci“ — funkce totiz muze
byt na nékterych intervalech rostouci a na nékterych ne. (Marian Poljak)

Problem 6.
Lucien had a dream about a nonzero polynomial P with nonnegative integer coefficients. If Ada
says an integer z, Lucien tells her the value P(z). What is the lowest number of questions Ada has
to ask to be able to figure out what Lucien’s polynomial is?

(Rado van Svarc)

SOLUTION:
From the assumption P is a polynomial with nonnegative integer coefficients. Hence there is a
natural number n and ag, a1, ... ,an € NU {0} such that:

P(I) = anxn + an—lxn71 +...+a1x + ap.

We shall prove that the answer is two. To guess Lucien’s polynomial Ada’s first wants to know
the value of P(z) at 1, thus obtaining the sum of all the coefficients of P. Because the coefficients
are nonnegative, P(1) 4 1 is strictly greater than each of them.

Now Ada chooses natural number k, such that 10 > P(1) + 1 and asks for the value of P(z)
at 10*. Let us denote it by m. Each of the coefficents has at most k digits and all the numbers
an10F7 a,_110F(m=1)  4,10% have at least k zeros at the end, so the last k digits of m will
represent ag. Numbers a, 105", a1 10F(=1) " 4510%* have at least 2k zeros at the end, so the
next k digits of m represent a1 and so on. Using this approach Ada can determine every coefficient
of Lucien’s polynomial.

It remains to be proven that one question is not sufficent to determine the polynomial. Suppose
Ada’s only question will be the value of P(z) at I. If the answer is [? then there are at least two
possible polynomials, namely the quadratic 22 and the constant I2, so Ada can never guarantee to
choose the right one.

POZNAMKY:
Neékterfi zapomnéli na klicovou podminku, ze koeficienty jsou nezaporné cela ¢isla, a proto jim vysla
odpovéd n + 1, kde n je stupent polynomiti. BohuZel stupeni polynomti pfedem neznédme, a proto to
nemuze byt spravné feseni. Déle, ackoli je pocet otazek prekvapivé maly, je porad potieba ovéfit,
ze jedna otazka nestaci. Vzhledem k tomu, Ze se jedna o nedilnou soucast kazdého dtukazu, kde
hleddme minimum nebo maximum, strhl jsem za takovou nedbalost dva body.

Hlavni idea dikazu spociva v tom, ze nam prvni otdzka da horni mez pro koeficienty. Dale

miizeme tyto koeficienty povazovat za éislice v jednoznacném zapisu néjaké ciselné soustavy.
(Anh Dung ,, Tonda“ Le)

Problem 7.
A function f:{1,2,...,n} = {1,2,...,n} is said to be cruelstrict if f(f(¥))(k) = k for all positive
integers k. Prove that any cruelstrict function has at least P(n) + 1 fixed points, where P(n) is the
number of primes in (y/n,n).

(Rado van Svarc)

SOLUTION:

Let us consider a directed graph on n vertices that represent numbers 1,...,n. There is an edge
from z to y if and only if y = f(z). From every vertex there is one outgoing edge and there is at
least one incoming edge to each vertex because

x= 1) = f(F@ 1)),
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where we define f9(x) as x. Consequently, there is exactly one incoming edge to each vertex because
the number of outgoing edges is the same as the number of incoming edges (it is simply the number
of edges).

We pick an arbitrary vertex and go along the only outgoing edge. Because the number of vertices
is finite, after some number of steps we return to some vertex that we have visited earlier. Moreover,
it has to be the vertex where we started (otherwise there would be a vertex with two incoming
edges).

So the whole graph is a union of several cycles (some of which may be of length 1).

Lemma. The length of the cycle divides every number in the cycle.

Proof. Let’s take an arbitrary vertex x and its predecessor on the cycle y. Then ff(y)(y) =y, or
f*(y) = y. This means that if we start walking from vertex y along the edges and do z steps, we
end up back in vertex y. So the length of the cycle must divide x.

Now we take any prime number p € (y/n,n). We know it is in some cycle and by the lemma
its length must divide p, so it is either 1 or p. Suppose for the sake of contradiction that its length
is p. Then, according to the lemma, every number in the cycle is divisible by p. But every vertex in
the cycle represents different number, so we have p different multiples of p. That is a contradiction

with the fact that number of multiples of p in the set {1,...,n} is {%J <\/n<p.

Vertex that represents number p is therefore in a cycle of length one which means f(p) = p,
so p is a fixed point. Moreover we know from the lemma that number 1 lies in a cycle of length 1
so it is a fixed point as well (and it is not equal to any of the previous numbers because it is not
a prime).

Hence we found P(n) + 1 fixed points which concludes the proof.

POZNAMKY:

Vsechna spravna dosla feseni postupovala stejné jako feSeni vzorové. Jediny rozdil byl v tom, ze

vétsina z nich nepouzila pro predstavu funkce graf, nybrz o jednotlivych krocich mluvila algebraicky.

Napftiklad to, Ze do kazdého vrcholu vchéazi jedna hrana, odpovidd tomu, Ze zobrazeni f je bijekce.
(Stépan Simsa)

Problem 8.
Let f:N\ {1} — R be a function given by f(n) = \/2\/3\/. ..(n —1)y/n for all positive integers

n > 1. Prove that f is bounded by 3.

(Rado van Svarc)

SOLUTION:
Let M be the set of ordered pairs natural numbers (m,n), for which m < n. Let g: M — R be

a function given by g(m,n) = \/m\/(m+ 1)y/...(n —1)y/n for every pair (m,n) € M. Let us
prove that for every (m,n) € M the relation g(m,n) < m+1 holds. Since 0 < f(n) = g(2,n), we’ll
be done after that.

We'll use a quite unusual form of induction, specifically for m going from n to 1. For m = n,
we are to prove that /n < n + 1. That’s obvious from /1 < n.

Now let g(m,n) < m + 1 for some m > 1. Then

gm—1,n) = /(m— Dg(m,n) < Vm2 —1<m

and that means we’re done.



SKETCH OF “ADULT” SOLUTION (BY ALEXANDR JANKOV):
We’re going to use some advanced arsenal now, specifically Jensen inequality and infinite sums. We
will not always be perfectly rigorous, only main ideas will be shown.

After taking the logarithm of f(n) < 3 we’ll get an equivalent inequality

" Ink

E < In3.
k—1

k=2 2

Since all terms in this series are positive, it’s enough to prove

= Ink
Z F < In3.
k=2

INIE

Notice that (from formula for the sum of infinite geometric series) > 2o %%1 = T = 1. Also
2

1—1
let us mention that

— k I4+i 1 —
Iggkq:_ 9i :ZE"'ZZEZI"';WA:?"

i=1 i=1 i=1j=1

Since logarithm is a concave function we have from the infinite Jensen inequality

— Ink — k
> g1 =In <Z 2k1> =In3
k=2

k=2

and we're done.

POZNAMKY:

Ackoliv tloha nebyla pfimo jednoducha, byla dosti ,datelnd“ a dala se celkem rozumnym zptisobem
yumlatit“. Nakonec ovSem zadné feseni nebylo natolik osklivé, abych byl nucen dat mu —i. Na
druhou stranu bylo rozdano nékolik +i za FeSeni podobnad prvnimu vzordku. Alexandr Jankov
poslal dvé Feseni (kterd jsou vySe obé uvedena), z nichz druhé se mi libilo natolik, Ze jsem k jiz
udélenému +i za Feseni dle prvniho vzoraku pridal dalsi +4, ¢imz bylo po dlouhé dobé opét udéleno
hodnoceni 5 + 2i.

Rad bych fesitele upozornil na to, ze pfi praci s nekoneénymi fadami neni vzdy povoleno libo-
volné preskladavat a uzavorkovavat ¢Eleny, obzvl4ast pokud jsou mezi nimi kladnd i zadporné ¢&isla.
Nakonec jste vzdy délali jen zmény, které vlastné povolené jsou (ackoliv jste to obvykle neodivod-
fiovali), a tak jsem se za to rozhodl body nestrhavat. Koneckonct, ja to ve vzoraku taky z diivodu
prehlednosti nedélal. (Rado van Svarc)



